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Abstract An implementation of time-dependent density
functional theory (TDDFT) energy gradients into the
Amsterdam density functional theory program package
(ADF) is described. The special challenges presented by
Slater-type orbitals in quantum chemical calculation are
outlined with particular emphasis on details that are
important for TDDFT gradients. Equations for the gradi-
ents of spin-flip TDDFT excitation energies are derived.
Example calculations utilizing the new implementation are
presented. The results of standard calculations agree well
with previous results. It is shown that starting from a triplet
reference, spin-flip TDDFT can successfully optimize the
geometry of the four lowest singlet states of CH, and three
other isovalent species. Spin-flip TDDFT is used to cal-
culate the potential energy curve of the breaking of the
C—C bond of ethane. The curve obtained is superior to that
from a restricted density functional theory calculation,
while at the same time the problems with spin contami-
nation exhibited by unrestricted density functional theory
calculations are avoided.
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1 Introduction

In recent years, linear response time-dependent density
functional theory (LR-TDDFT) [1-5] has become the most
popular formalism for calculating excitation energies of
molecules. LR-TDDFT, which we shall further abbreviate
to TDDFT, produces results that are accurate enough to be
useful at a reasonable computational cost. It does have
some limitations. In combination with a linear response and
a frequency-independent kernel (the adiabatic approxima-
tion), only transitions that are well-described by single
excitations can be treated. Even certain types of transitions
that are often considered to be single excitations, such as
long-range charge-transfer transitions, have also been
found to be troublesome. Overcoming these difficulties is
an area of active research. Despite these challenges, it has
been shown that TDDFT can provide predictions of verti-
cal excitation energies of good accuracy in a wide range of
areas of application [5]. Moving beyond vertical excitation
energies, the applicability of TDDFT has been extended
further by the advent of analytic derivatives of the exci-
tation energy.

The first implementation of TDDFT gradients was
described by Van Caillie and Amos [6, 7]. They obtained
the derivative of the excitation energy (w) with respect to a
perturbation by the straightforward differentiation of the
TDDFT equations. Furche and Ahlrichs provided an ele-
gant alternative formulation by applying a Lagrangian-
based approach [8—10]. These two treatments assumed a
real perturbation. We will focus on this type of perturbation
in this work, but we note that TDDFT in the presence of an
imaginary perturbation like a magnetic field or spin-orbit
coupling is also an area of interest [11, 12].

Perhaps, the most important perturbation that can be
considered in the context of a molecule is the motion of a
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nucleus. The availability of all first derivatives of w with
respect to nuclear motion opens up the possibility of
exploring the potential energy surface (PES) of excited
states. In the case of the ground state, the most common
applications of nuclear gradients involve the location of
extrema such as local minima (stable geometries) and first-
order saddle points (transition states). Furthermore, these
extrema can be characterized using second derivatives of
the energy obtained analytically or through numerical
differentiation of the first derivatives.

Nuclear gradients of the excitation energy can be used
to perform the same tasks for excited states. Near the
equilibrium geometry, the ground state of a molecule is
often well isolated from other states, particularly if that
state represents a closed-shell electron configuration.
Excited states are generally less isolated, and features that
appear when two PES come close to each other, such as
avoided crossings and conical intersections, become more
prevalent. Recent studies have considered how well
TDDFT can characterize such features [13-17]. While
some successes have been reported, some difficulties
have been encountered because of the inability of
TDDFT calculations to describe the doubly excited states
that are often important in the region of conical inter-
sections [13].

The implementations of TDDFT gradients described
by Van Caillie and Amos and Furche and Ahlrichs are
based upon program codes that utilize Gaussian type
orbitals (GTOs). GTOs are the most popular form of
basis function for describing molecular orbitals because
the analytic evaluation of two-electron integrals is rela-
tively straightforward. TDDFT gradients in combination
with plane wave basis functions have been presented by
Hutter [18, 19].

Slater-type orbitals (STOs) provide an alternative to
GTOs. The radial behavior of STOs near a nucleus fol-
lows more closely that of exact orbitals, meaning that
fewer STOs are required to describe a given molecule.
The challenge of two-electron integrals has been over-
come [20-23], and several STO-based quantum chemistry
codes have been developed that are competitive with
programs based on other types of basis function. These
codes can perform TDDFT calculations [24, 25], but as
far as we are aware, no implementation of TDDFT gra-
dients in a STO-based code has been presented. The first
topic discussed in this paper will be our implementation
of TDDFT gradients in the STO-based Amsterdam den-
sity functional (ADF) program. This implementation has
significant overlap with the GTO-based formalism, and
we shall therefore focus on the special challenges created
by STOs.

A feature of the TDDFT implementation in ADF is the
possibility of performing spin-flip TDDFT (SF-TDDFT)
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calculations. In a conventional TDDFT calculation, only
o — o or f — f§ excitations are possible and the m, quan-
tum number is conserved (Am; = 0). The coupling matrix
used in TDDFT to evaluate excitation energies and tran-
sition densities is assumed to be diagonal in spin. Off-
diagonal terms in the coupling matrix allow transitions made
up of excitations where a spin is flipped (« — f,Am = —1
or f — o, Am = +1) to be described. In 2003 Shao, Head-
Gordon and Krylov showed that starting from a standard
formulation of TDDFT, contributions to the off-diagonal
part of the coupling matrix could only come from exact
exchange [26]. It was found that an admixture of exact
exchange rather larger than that used in most applications
was needed to obtain reasonable results. In 2004, Wang
and Ziegler [27, 28] showed that the exchange-correlation
term in the coupling matrix also can contribute to the off-
diagonal terms if one starts with a noncollinear form of the
exchange-correlation potential [29-31]. In this treatment,
any functional can provide nonzero coupling terms that
cause spin-flips.

In their original work, Shao, Head-Gordon and Krylov
included SF-TDDFT gradients. The second topic that we
shall discuss is an implementation of SF-TDDFT gradients
in the Wang-Ziegler formulation.

In the last part of this paper, a few example calculations
performed with our implementation will be described. To
begin with, several calculations involving small molecules
will be presented to demonstrate that a STO-based
TDDFT-gradients program can produce results comparable
to other codes. The remaining examples will showcase the
possibilities of spin-flip gradients with examples in two
areas where SF-TDDFT can be very useful. These are
describing excited states that are doubly excited with
respect to the ground state as well as the dissociation of a
single bond into two radicals.

2 Theory

For the most part, the notation used here will follow that
presented by Furche and Ahlrichs [8]. A molecular orbital
will be indicated by the symbol ¢ with the subscripts
a, b, c..., indicating a MO that is unoccupied in the ground
state, i, j, k... indicate an orbital that is occupied in the
ground state and p, ¢, r... indicate any orbital. Greek sub-
scripts o, 7,v. .. are spin indices. A basis function will be
denoted by y and subscripted y, v, k.... The superscript &
indicates differentiation with respect to a real perturbation.
A superscript ¢ inside brackets indicates that only contri-
butions from explicit differentiation of the basis functions
are included. In general, multiple integral signs and
r, ¥, dr and dr symbols will be neglected in the one- and
two-electron integrals to simplify the notation.
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2.1 DFT with STOs

As was noted in the introduction, the analytical evaluation
of two-electron integrals over STOs is very difficult. In this
section, we will briefly review how this problem is dealt
with in the ADF program [32-34] with an emphasis on
issues that are relevant to TDDFT gradients.

Two or three different types of two-electron integral are
encountered in most DFT calculations. Firstly, integrals
over the local part of the exchange-correlation functional
need to be evaluated. Since the functional is local, these
integrals can easily be evaluated numerically. This is the
approach taken by almost all DFT codes, including ADF.

The second type of integral, Coulomb integral, is cal-
culated in ADF by a combination of numerical integration
and fitting. A Coulomb interaction between two densities
p" and p* can be written as

e

In order to make it possible to evaluate such an integral
numerically, the Coulomb potential due to one of the
densities is fit in a suitable basis [20] to give a fit potential

p1 R Zakfk (2)
k

Vé = Zakjk (3)
k

5 = [ 20 )

where f; and g, are fit functions and fit coefficients.
Equation 1 becomes

a:/%m@mm (5)

an integral that can be evaluated numerically in a
straightforward manner.

The third type of two-electron interaction is that pro-
vided by exact exchange. In this case, a local potential
cannot be obtained through density fitting. Instead, the
individual integrals over AOs are considered directly. A
given integral (uvlik)

(uv|aK) = ///Cu r)y(r

where y is a Slater-type function, is evaluated by fitting the
density produced by each of the pairs of basis functions
[21, 23]

/v Z au faB.i (7)
= Z a;*fep, (8)

= 1) 1 (1) drdr’ (6)

The subscript AB (CD) indicates that a function is included
in the fit only if it is centered on the same atom as basis
function ¥, or y, (x; or y.). The final expression for the
two-electron integral is

Z aa )K (fas.ilfeny) )

(uv| i) =

and (fap,lfcp,) can be evaluated analytically.

Numerical integration obviously plays a central role in
the ADF program. The way in which a grid for the inte-
gration is produced and the fineness of that grid will
strongly influence the quality of any results obtained. Grids
are produced by a method that takes advantage of the
structural features common to all densities that correspond
to a molecule [35, 36]. Even with this specialized approach,
stable evaluation of the Coulomb energies of the density of
a molecule can be problematic as that density will have very
large values and gradients near the nuclei. This problem can
be avoided by firstly dividing the density into two parts

p = ZPA + Ap, (10)
A

where A runs over all nuclei in the molecule, p, is the
spherical density corresponding to the isolated atom A and
Ap is the change in density required to make up the total
molecular density. The Coulomb potential due to a density
can be divided in a similar manner

Ve =) VE+AVZ (11)
A

For the Coulomb interaction between p; and p,, the terms
that are responsible for the numeric instability terms have the
form [ V@p*. Here, both the density and potential can be
very large at the same grid point, which might lead to
significant numerical errors. The contribution of these terms
to the Coulomb energy is constant irrespective of the form of
the densities p; and p, or the positions of the nuclei [37, 38].
The derivative of [ VAp with respect to nuclear motion is
zero. Relative energies are the important quantities in
chemistry. Since the [ VAp” terms are constant, they can be
chosen to be zero avoiding numerical instability. Thus,
provided that Ap is not too large, which is typically the case
when p; is the electron density of a molecule, dividing the
density according to Eq. 10 should ensure numerically
stable Coulomb energies.

2.2 TDDFT with ADF

In a TDDFT calculation of molecular excitation energies,
the equation to be solved is [2]

Lo G- DG e
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where o is interpreted as the energy difference between the
reference state and another state and X and Y describe the
transition density between the two states.

If all orbitals obtained from the Kohn—Sham equations
can be chosen to be real Eq. 12 can be converted into a
form that is more useful for our current purposes

w:%((XT—kYT)(A—kB)(X—kY)

+(X' - (A-B)(X 7)) (13)

In a conventional TDDFT calculation

Aaia,bjr + Baio,bjt = 5a‘céab(sij(8br - 8]‘5) + Kam bjt (14)

(15)

The superscripts S and A indicate that one coupling matrix
matrix is symmetric with respect to permutation of a and
i (or b and j), while the other matrix is anti-symmetric.

Aaia,bjr - Baia,bjr = 5aréab5ij(8br - gjr) + Ka,‘g"bjr

Kgm bie = = 2(aio|bjt) + 2(ai0' ;fﬂbjf)
— ds:cx((abalijt) + (ajo|bit)) (16)
K pje = —0occx((abalijt) — (ajolbiv)) (17)

where (aiolbjt) is a two-electron integral over MOs defined
similarly to the integral over AOs (Eq. 6). The coefficient
cx corresponds to the fraction of exact exchange included
in the chosen functional. The term f¢ is the exchange-
correlation kernel. In ADF, this is generally the frequency-
independent kernel corresponding to the VWNS5 LDA
functional [39] irrespective of what functional is used
to derive the orbitals (the adiabatic local-density
approximation, ALDA) [40]. In this case,

2 e
_ O Eywns

fxc,ALDA
0p40p;

gt (18)
If the functional used to obtain the reference MOs includes
exact exchange, the contribution to the K matrix from fre
is attenuated by a factor of (1 — cyx) under the ALDA
approximation.

As we shall see shortly, the use of the ALDA approxi-
mation both simplifies and complicates the evaluation of
TDDFT gradients.

If the reference state is closed-shell, the K-matrices just
described correspond to singlet—singlet excitations. It is
also possible to evaluate singlet—triplet excitations with the
choice of

Koy = 2(aiolfs5 3" |bje)
— dscx((abalijt) + (ajo|bit)) (19)
Ko e = —0o:cx((abalijt) — (ajolbit)) (20)
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fxc JALDA
ST,ot
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e1)

Following the discussion in Sect. 2.1, we write Eq. 13 in
a form that more closely reflects how it is calculated in
ADF

@ :% <Z((X+ Y)aia' (X+ Y)uio

aio

+ (X_ Y)aw(X_ Y)aw)(sfw _SiU)

_|_ZZ/ +YVX+Y_|_2 (1—cx)
XZ/ X+Y XC.ALDA X+Y

—cx Y ((X4Y)0 (X+7Y),,((abolijr) + (ajolbic))

aiobjo
H (X =)o (X =Y) i, (abolijr) - (ajalbif)))>

(22)

where pX*Y is the density obtained from the vector
(X 4+ Y) corresponding to spin ¢

PE =N (XA Y) o
w

(23)

and V)C”y is the Coulomb potential obtained from a fit of
that density summed over spin.

Equation 22 can be converted into the equation for

singlet—triplet excitations by using ;‘;f’,fD A

X+YvX+Y

and neglecting

the p? term.

2.2.1 SF-TDDFT

In the Wang-Ziegler formulation of spin-flip excitations
[27, 28], only the exchange-correlation kernel contributes
to the coupling matrix. The A+ B and A — B matrices
have the following form if the spin quantization of the
reference orbitals is collinear and quantized along the
Z-axis.

Aaiu,bjr + Baia,bj‘t = 50"55ab5ij (gba’ - l("jzr) + K(leo"f)]’[ (2’4)
Aai(r,bjr - Baia,bjr = 5méab5ij(8ba’ - aj(r) + Kj{;—ﬁ;‘ajz (25)

SF,.S /. xc,ALDA /s
Kaw’bﬁ = 041 (aa la‘fsﬁm ‘br]r)

+ (aa’ia Vgﬁﬁfm L/'T'br) (26)
K = 0 (ao'iol 55320 e
- (aa’ia )14 b‘c) (27)
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fxc JALDA
SF.,ot

1 OE*  OE*
= 01 — (28)
Py —Pg \ 0Py Opg
where ¢ # ¢’ and 7 # 7.
The SF-TDDFT equation equivalent to Eq. 22 is

aic

[0)] :% (Z((X + Y)ag’jg(X + Y)aa’ia

+(X - Y)aa’ia(X - Y)aa’ia) (8110' - 81'0)
23 [ ot ) )

where pX™ is now the density obtained from the vector
(X + Y) corresponding to the spin-flip ¢ — ¢’.

2.3 TDDFT gradients

The formulations of TDDFT derivatives presented by Van
Caillie and Amos and Furche and Ahlrichs utilize AO
integrals and their derivatives [6-9]. Their equation for w°
is

0 =D isPisa + D Vi P

wo wo
+ Z (MV|KJV)§F;1\!UK/&
WKlot
+ Z f;(‘c'tgi)/r (X + Y);wa (X + Y)rcir
WKlot
=D S Wuo (30)
wo

where A5, (uv]cA)* and S:, are derivatives of one-electron,

two-electron and overlap AO integrals, respectively, V, m(é)
and fwmM are the explicit derivatives of the exchange-

correlation potential and kernel. P is the relaxed one-par-
ticle difference density matrix.

A form of Eq. 30 suitable for a STO-based TDDFT code
is

ot = Z / PP (T + Vo + Ve + V)
n Z/(V[cnpl(f) mpg Z/ xeFULL ,
ot
n Z/ (X+7)( X+Y +f§c§?TLDA (x+y))

Pz
+Z/ (X+Y) TX+Y g)g,n JALDA

aTv

D (WD) T e = > 8 Wias (31)
wKlet o
where FWMT is the part of the two-electron derivative

coefficient (Eq. 27, Ref. [8]) that comes from exact

exchange and (,uvlrci)é is the derivative of a fit two-
electron integral. The potential V,,, includes the potential
due to the nuclei and any other external perturbation. p is
the density of the reference, p**” is the transition density
defined in Eq. 23, and p” is the relaxed one-particle
difference density

Pe = ZPHVO'XﬂXV (32)
1
P=T+7Z (33)

1
Tijﬂ' = _EZ((X + Y)aia‘(X + Y)aja

+ (X - Y)ai(i<X - Y)ajo') (34)

1
Taps = EZ((X + Y)aia(X + Y)bia

i

+(X - Y)aio’(X - Y)bio’) (35)
Tyic = Tiug =0 (36)
Zaps = Zije =0 (37)

the occupied-virtual elements of Z are from the solution of
the equation

(A+B)Z=R (38)

The single Eq. 38 is solved in place of the 3N coupled-
perturbed Kohn—Sham equations [41]. The elements of
(A+B) are as defined in Egs. 14-17 except that the
ALDA approximation should not be applied. The
exchange-correlation kernel in this case must be that
derived from the functional chosen to calculate the refer-
ence state orbitals. To distinguish this kernel from f**-P4,
we denote it as 7Y Expressions for f*FYE that cover
many of the available functionals can be found in the
Appendix of [42].
R is given by

am—Z{ X+Ybl<r abr[X+Y]

+ (X = Y)pioHo[X — Y]}

bic" abo

n Z{(x +¥) o Hi (X + Y]
J

+(X-Y), H.

ajo” " ijo

2% / Gas i Y pH greALOA (39)

™

X — Y]} +HE [T

aig

where

pqa = 2/ DpsPyo <VM + Z ;C;p]zw>
— Y exdecl(prolsqo) + (psalrgo) My, (40)

rst
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H, .M Z cx0q:|(prolsqo) —

rstT

(psalrqo)|M,se  (41)
Here, the full kernel is needed when M = T, P, and the
ALDA kernel is required when M = X + Y.

The final term in Eq. 39 that includes the third-order
functional derivative g™ is considerably simplified by the
ALDA approximation. For standard and singlet-triplet
excitations, we have

OE,.

xc,ALDA xc

y = 42

SS,at0 5/)&5'075’00 ( )
xc,ALDA __ 5 1 53Ex0 53Exe N 53 xc

gST,O'TU - 2 5pa5p0'5pu 5p[§5p[i5pu 5p15p[j5pn

(43)

The matrix that determines the contribution to »* from
the derivatives of overlap integral is

Wijo = ;C{){((X—‘r Y)aizr(X - Y)aja

+ (X_ Y)aio(x+ Y)aja)
- ZSM-((X-F Y)aja(X+ Y)uia

+ (X_ Y)ajo'(x - Y)aia)}
FHLIP 2 [ iy g
(@4)

ab" Zw{ X+ Y ata(X_ Y)bi(r—"_ (X_ Y)aia(X+Y)biJ)

+Zgia((x+y)aia(x+y)bia+(X_Y)uia(X_Y)bio)}

(45)
Wise = Zaictic + Z{(X +Y) ol [X + Y]
J
A=Y H X Y] (46)
In deriving Eq. 31, use was made of the identities
S [ vk =3 [ gl )

X+Y xc,ALDA X+Y (9
gG"CU pl

X+¥ chLDA(f) X4y
;: / P ; /

It was noted in Sect. 2.1 that the accuracy of Coulomb
energies evaluated by numerical integration was poor

(48)
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unless the density was divided into atomic and relaxation
contributions and the large, constant but numerically
unstable, portion of the integral near the nucleus was set
to zero. Further to that discussion, we mention two points
that are relevant to the present subject. Firstly, the error in
the integral (Eq. 5) was due to the density part of the
integrand as the Coulomb potential was smoothed out by
the fitting process. Secondly, the densities p” and p* " are
unlikely to cause numerical instability. These densities
correspond to differences in density between occupied
valence and low-lying virtual orbitals, which should not be
particularly large at any point in space. Given these
considerations, if the perturbation & represents the motion
of a nucleus, only the second term in Eq. 31 will be
problematic. The accuracy of this Coulomb term was
ensured by partitioning p‘* as in Eq. 10 and making use of
translational invariance. If ¢ corresponds to moving
nucleus A in direction X, the problematic term can then
be written as

Z / (VEpl + LV,

=> / (VAP + VERS + p2Viy)

-3 <VPApU e (v VA)>

where Vé and V;:‘, are the Coulomb and nuclear potentials
of the isolated atom A. The nuclear potential is included
here because combining it with the isolated atom Coulomb
potential further improves numerical stability. The Cou-
lomb term can also be calculated accurately by evaluating

it as [ Véé) p’. However, this approach would require
3N density fits for each iteration of a geometry optimiza-
tion, making it prohibitively expensive.

As was noted by Furche and Ahlrichs [8], if, rather than
the motion of a nucleus, ¢ corresponds to some other real
perturbation that does not modify the basis functions, then
the formalism is simplified considerably. In this case, only

(49)

(50)

the [ fo,pp term from Eq. 31 is nonzero. p” then can be
used to calculate the change in the appropriate property
caused by the excitation. For example, if the perturbation is
an electric field then the difference in the molecular dipole
moment between the ground and excited states can be
evaluated.

2.3.1 SF-TDDFT gradients

The derivative of Eq. 29 with respect to a real perturbation
is
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o = Z / PY(T + Vew + Ve + V)
+Z/ vgp(, + Vipr +Z/ phfreFULL p(©)
Jrz/ (X+Y)( ;;ﬁfDApgxw)
+3 [ O g S oW,

otV Hwao
(51)

This equation is very similar to Eq. 31, but it must be kept
in mind that p” and p*** now correspond to spin-flip
excitations. The spin-flip forms of the P and W matrices
and the R-vector are given in the “Appendix”.

The spin-flip form of the third-order derivative of the
exchange-correlation functional now has the form

( 1 3(ps—py) <5E“ - 5Ex“>
(pot — pl})z 5pv 5pz 5pﬁ

1 SEC OE*
+ - . 52
(pa - pﬁ) <5p1)5px 5:01)5/)/})) ( )

xc,ALDA __ 5
SF.,atv

3 Test calculations
3.1 Computational details

Most calculations in this section were performed with a
TZ2P basis set [43]. This basis set is triple-{ in quality for
all valence orbitals and at least double-( for all core orbi-
tals and includes a 1p1d set of polarization functions for H,
a ldlf set for Be, B, C, N, O, Si and P and a 1plf polari-
zation set for Sc and Cu. Diffuse functions were added to
the basis set for the calculations of the molecules BH, ScO
and CH,O. The diffuse function sets were 1sl1p for H, B, C
and O and 1slpld for Sc. A fine grid (integration parameter
6.0) was used throughout. Test calculations suggest that the
default grid (integration parameter 4.0) would give results
of similar quality.

3.2 Comparisons with earlier work

As a first test of the present implementation, several
examples from the test set provided by Furche and Ahrichs
[8] were investigated. The molecules chosen were BeH,
BH, N,, ScO, CuH, PH, and CH,O. All excited states
considered in [8] were included. The adiabatic excitation
energies, geometries, vibrational frequencies and, in the
cases of BH, ScO and CH,O0, excited state dipole moments
were calculated. The properties were evaluated using the
LDA (VWNS5), BP86 and B3LYP functionals.

Table 1 Calculated adiabatic excitation energies in eV

Mol.  State Present Furche and Ahlrichs  Expt

LDA BP B3LYP LDA BP B3LYP

BeH 1211 237 2.69 2.64 235 251 255 2.48
BH 1'm 249 282 274 235 249 2.68 2.87
N, I’TI, 698 7.04 7.13 7.03 673 698 7.39
1's, 828 8.10 791 827 8.09 7.90 8.45
1T, 845 848 8.69 8.46 839 8.61 8.59
1'A, 887 878 8.58 8.86 8.50 8.36 8.94
ScO 1°’I1  2.05 2.08 2.02 200 193 1.95 2.04
CuH 2'=* 310 3.06 3.34 3.06 297 299 291
PH, 1A, 2.14 262 239 2,13 240 234 2.27
COH, 1'A” 339 351 3.66 338 3.44 3.60 3.49
1PA” 269 280 2.90 268 254 273 3.12

Zero-point energies are included for PH, and COH,. Results labeled
“Furche and Ahlrichs” are TDDFT calculation from [8]. Experi-
mental values are from [62] and [63] for the diatomic molecules and
from [64] for PH, and COH,

The results of these calculations are summarized in
Tables 1, 2, 3, 4.

Only a few comments need be made about these results.
For the most part, the present results closely follow those of
Furche and Ahlrichs, giving confidence in our implemen-
tation. One result should be noted, however. The LDA
adiabatic excitation energies are in close agreement with
those calculated by Furche and Ahlrichs with a maximum
difference of 0.10 eV, and most of the differences being
much smaller than this. The differences between our BP and
B3LYP energies and those presented by Furche and Ahl-
richs are rather larger with a largest difference of 0.35 eV
and several other differences of more than 0.10 eV. The
deterioration in agreement when going from LDA to more
complicated functionals suggests that the observed differ-
ences may be due to the ALDA approximation.

3.3 XH, diradicals

The relative energies of the lowest singlet and triplet states
of CH, have been the subject of theoretical investigation
for many years (see [44, 45] and references therein).
Methylene and the three isovalent molecules NH;, SiH,
and PH; each have two valence electrons not involved in
bonding. The four lowest energy states of the XH, mole-
cules are three singlet states (2 x A; and one B;) and a
triplet B, state formed from a (a;by)? electron configura-
tion. The lowest energy A, state is dominated by the a?5!
electron configuration and the triplet is of course described
by the a{b] configuration. It is simple enough to calculate
the energy of these two states through a straightforward
DFT calculation in combination with the appropriate
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Table 2 Calculated excited state structures

Mol. State Param. Present Furche and Ahlrichs Expt
LDA BP B3LYP LDA BP B3LYP

BeH 1211 Te 1.34 1.34 1.32 1.34 1.33 1.32 1.33
BH ' Te 1.23 1.22 1.21 1.23 1.22 1.21 1.22
N, 13Hg Te 1.20 1.21 1.20 1.20 1.21 1.20 1.21
'z, Te 1.27 1.29 1.27 1.27 1.29 1.27 1.28
111, Te 1.21 1.22 1.21 1.21 1.22 1.21 1.22
1'A, Te 1.27 1.29 1.27 1.27 1.29 1.27 1.27
ScO 121 Te 1.68 1.70 1.70 1.68 1.71 1.70 1.69
CuH 2'3* Te 1.60 1.63 1.61 1.59 1.62 1.58 1.57
PH, 1°A, P-H 1.41 1.41 1.40 1.41 1.41 1.40 1.40
/HPH 123 123 122 123 122 122 123
COH, 1'a” c-O0 1.28 1.31 1.29 1.28 1.31 1.29 1.32
C-H 1.11 1.11 1.09 111 110 109 110
/HCH 115 116 117 115 116 117 118

¢ 38 39 35 34 33 30 34
1°A"” C-0 1.28 1.31 1.29 1.28 1.31 1.29 1.31
C-H 1.11 1.11 1.10 1.12 1.10 1.10 1.08
/HCH 111 113 113 111 110 112 122

¢ 51 48 48 44 49 45 41

Bond distances are in A and angles in degrees. Results labeled “Furche and Ahlrichs” are TDDFT calculation from [8]. Experimental values are
from [62] and [63] for the diatomic molecules and from [64] for PH, and COH,

Table 3 Calculated excited state vibrational frequencies in cm ™’

Mol. State Mode Present Furche and Ahlrichs Expt
LDA BP B3LYP LDA BP B3LYP

BeH 1211 w, 2,079 2,074 2,158 2,083 2,096 2,161 2,089
BH 1'T1 W, 2,265 2,260 2,396 2,281 2,263 2,406 2,251
N, 1’11, W, 1,856 1,787 1,938 1,858 1,767 1,792 1,733
1's, W, 1,536 1,471 1,544 1,541 1,475 1,546 1,530

111, w, 1,787 1,715 1,740 1789 1,707 1,736 1,694

1'A, w, 1,539 1,476 1,417 1,544 1,483 1,576 1,559

ScO 1’11 w, 869 845 856 865 837 846 876
CuH 2'3* W, 1,538 1,424 1,615 1,541 1,458 1,657 1,698
PH, 1°A, va(ay) 918 940 981 919 934 977 951
COH, 1'a” vi(d') 2,860 2,897 2,982 2,871 2,906 2,987 2,846
va(d') 1,362 1,286 1,347 1,364 1,289 1,361 1,183

va(d') 1,194 1,226 1,297 1,194 1,249 1,301 2,393

vs(a'") 2,952 2,925 3,081 2,963 3,008 3,083 2,968

ve(d”) 812 829 892 809 852 890 904

1°A” va(d') 1,365 1,287 1,336 1,369 1,251 1,323 1,283

Results labeled “Furche and Ahlrichs” are TDDFT calculation from [8]. Experimental values are from [62] and [63] for the diatomic molecules
and from [64] for PH, and COH,

choice of my. The energy of the singlet B; state can be  A; state is essentially doubly excited with respect to the

calculated by a standard TDDFT calculation with the sin-  first A; state and therefore cannot be treated by conven-
glet A; state as a reference. On the other hand, the second  tional TDDFT. It can be studied by SF-TDDFT if the triplet
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Table 4 Calculated excited state dipole moments in Debye

Mol.  State Present Furche and Ahlrichs  Expt

LDA BP B3LYP LDA BP B3LYP

BH 1!TT 045 045 034 0.51 052 049 0.58
ScO 1211 436 422 481 436 434 488 4.14
COH, 1'A” 162 156 1.44 1.63 156 153 1.57

1°A” 156 147 138 157 142 141 1.29

Results labeled “Furche and Ahlrichs” are TDDFT calculation from
[8]. Experimental values are from [62]

B; state is chosen as the Ref. [28]. In fact, all three singlet
states of interest can be reached from this reference,
and it was found that the Wang-Ziegler formulation of
SF-TDDFT was able to reproduce the relative energies of
the lowest four states of CH,, NHJ, SiH, and PHJ to good
accuracy [28]. For reasons that remain unclear, the Shao-
Head-Gordon-Krylov form of SF-TDDFT does not do a
good job of predicting the relative energies of these four
states [26].

The geometries of these species have been optimized
previously by configuration interaction (CI)-based methods
[44, 46-48]. We have calculated the geometries of
CH,,NH;, SiH, and PH; in their four lowest states. The
triplet state was optimized by a standard DFT calculation
of the my = 1 density, while the geometries of the other
three states were calculated using the gradients of the
excitation energies of the three lowest spin-flip excitations
obtained from the triplet reference. The results of these
calculations are compared with CI results in Table 5.

The agreement between the SF-TDDFT calculations and
the CI results is reasonably good. The largest difference in
calculated bond length between the two types of calcula-
tion is 0.03 A, and the largest difference in angle is 8°. The
calculated excitation energies are also similar to the CI
results and very close to the SF-TDDFT results obtained
using the CI geometries [28].

3.4 Bond breaking

DFT methods in combination with standard functionals are
unable to accurately describe the breaking of a covalent
bond and the separation of the two newly formed radicals
to a large distance. The classic example is the H, molecule.
The potential energy curve predicted by a restricted Kohn—
Sham calculation is much too deep, and the method is not
size consistent (the limiting energy approached at large
bond lengths is not equal to the sum of the energies of two
hydrogen atoms calculated at the same level). If an unre-
stricted calculation is applied instead, the energetic
behavior is much better. The predicted depth of the
potential well is decreased and is more in line with the

Table 5 Excitation energies and geometries of the four lowest states
of CHp,NH;,SiH, and PHj calculated with SF-TDDFT and CI
calculations

State  SF-TDDFT CI
b R® /HXHS T° R® /HXH®
CH, Xx°B;, 00 1.09 138 0.0 1.08 133

1'A;, 0567 1.12 102
1'By 1356 1.09 145 1450 1.07 142
214, 2642 1.08 165 2595 1.07 170
NH; Xx°B, 00 1.05 159 0.0 1.03 151
1'A, 1353 1.07 110 1.281 1.05 108
1'B, 1846 105 168 1935 1.03 161
214, 359 1.05 172 3308 1.03 180
SiH, Xx'A; 00 1.54 90 0.0 151 93
1*B, 0913 1.50 119 0.871 148 118
1'B, 1759 151 121 1.992 148 123
2'4, 3155 148 155 3486 146 162
PH; Xx'A, 00 145 90 0.0 142 93
1°B, 0.687 144 123 0.760 1.41 122
1'B, 1682 145 124 2009 142 125
214, 3265 144 156 3.686 141 160

0411 1.11 102

CI results from [44, 46-48]
* ineV
® in A

in degrees

correct result. The energy of the system at long bond dis-
tances is equal to the sum of the energy of two hydrogen
atoms. On the downside, at longer bond lengths, the cal-
culation suffers from a significant amount of spin con-
tamination. As a consequence, a DFT calculation of H, at a
stretched geometry does not provide a good starting point
for a TDDFT calculation. Calculations of excited state
potential energy curves of H, with conventional TDDFT
have produced poor results [49-51].

Attempts have been made to improve the performance
of TDDFT near the dissociation limit by modifying the
TDDFT coupling matrix [50, 51]. Spin-flip methods have
been used to deal with similar problems in wave-function-
based methods [52, 53] and also with TDDFT [27].

Much like the XH, molecules, the dissociation of H, can
be understood in terms of two orbitals, a bonding orbital ¢
and an anti-bonding orbital ¢*. At short bond lengths, both
electrons are in ¢. At dissociation, the wave function is a
combination of the ¢*¢*” and $”¢p** configurations. All
three of these configurations can be reached by a spin-flip
from a ¢*¢** reference and a SF-TDDFT calculation with
the o, state as a reference is able to describe transitions
from this reference to the ground state and many other
excited states.
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With the availability of SF-TDDFT gradients, it is now
possible to extend this approach to more complicated
molecules. Here, we consider the breaking of the C—C bond
in ethane.

The CH; + CHj radical combination reaction has been
studied a number of times, typically focusing on the long-
range interaction region with high-level wave-function-
based methods [54-59]. DFT methods encounter similar
difficulties to those found for H, [54]. Restricted calcula-
tions produce a well that is much too deep. Unrestricted
calculations using the B3LYP functional suffer from a
significant amount of spin contamination at long distances
but produce a potential energy curve that is fairly close to a
CASPT?2 curve [54].

The potential energy curves of the reaction 2CH; —
CH;3CHj calculated with standard restricted DFT methods
and by SF-TDDFT from the triplet reference in combina-
tion with the LDA and BP functionals are compared with
the CASPT2 curve in Fig. 1.

The RDFT calculations show the usual behavior. The
curves are much too attractive. The long-range behavior is
also incorrect. Although the energy is set to be 0.0 kCal
mol ™" at 5.0 A, the restricted LDA (RLDA) and restricted
BP (RBP) curves are still increasing at that point, while the
CASPT?2 curve is almost flat. Furthermore, the RLDA and
RBP curves are not size consistent. The energy of 2CHj;
radicals calculated separately differs by 16.9 kCal
mol ' (23.4 kCal mol™") from the energy of the RLDA
(RBP) curve at 5.0 A.

The SF-TDDFT curves are an improvement on the
RDFT results. They follow the CASPT2 curve more clo-
sely, though they do show significant differences of about
10 kCal mol~! at 2.5 A. At the longest bond distances, the
slope of the SF-TDDFT curves more closely matches that
of the CASPT2 curve. The LDA SF-TDDFT calculations

E/kcal mol
% .
|
N\
\

. CASPT2
P RDFT LDA

. -—-— RDFTBP

— — - SF-TDDFT LDA
SF-TDDFT BP

.30 -./

T T T T T T T T
3.0 3.5 4.0 4.5 5.0

R(C-C)/A
Fig. 1 Energy of ethane as a function of C—C distance calculated by

the CASPT2, DFT and SF-TDDFT methods. All curves are shifted so
that E(R = 5.0 A) = 0.0. CASPT?2 results are from [54]

@ Springer

are also more size consistent. The LDA SF-TDDFT energy
at a C—C separation of 10.0 A differs by 1.1 kCal mol™"
from the energy of two methyl radicals. The BP SF-
TDDFT curve has largely the same behavior as the LDA
curve with the exception that it is less size consistent. The
BP SE-TDDFT energy at a C—C separation of 10.0 A dif-
fers by 18.5 kCal mol™' from the energy of two methyl
radicals. We believe that the difference in the size con-
sistency of the two SF calculations is due to the ALDA
approximation. The ALDA approximation has two parts. It
assumes that the exchange-correlation kernel is frequency
independent, and it also assumes that the kernel has the
form given by Eq. 18. For an LDA calculation with the
VWN5 parametrization of the electron gas as the choice of
functional, this second assumption is not an approximation
and allows our calculations of the breaking of the C-C
bond in ethane to be approximately size consistent.

The SF-TDDFT ground state curves are obviously far
from perfectly in agreement with the CASPT2 curves. In
order to obtain better agreement, one would have to go
beyond linear response [60, 61] and optimize the orbitals
for the ground state, as we plan to show in a forthcoming
paper. It appears that this approach has potential for
describing the energy and gradients of the ground and
excited states of medium sized molecules in the dissocia-
tive regions of their potential energy surfaces.

4 Concluding remarks

In this paper, we have described the implementation of
TDDFT gradients in the ADF program package. The
implementation has many similarities to previous imple-
mentations, but some different techniques are required
because of the use of STOs in ADF.

Van Caillie and Amos and Furche and Ahlrichs make
use of the accumulated knowledge of quantum chemical
analytical gradients to present very efficient formulations
of TDDFT gradients [6, 8]. Gradients are evaluated in
terms of integrals over AOs and their derivatives to avoid
costly AO to MO transformations. Rather than solving the
3N CPKS equations, the single Z-vector equation is solved.
Similar techniques can be used in ADF. The Z-vector
approach is used (Eq. 38), and the electron densities and
electron density derivatives from Eqs. 31 and 51 are built
directly from AOs and AO derivatives. As a result, the
computational cost of evaluating the TDDFT gradients is
approximately three times the cost of the ground state
energy or gradients. About 1/3 of the effort required of a
TDDFT gradient calculation is from the solution of the
Z-vector equation (Eq. 38). The remaining effort is still
greater than the ground state gradients because three
different densities and density derivatives are needed in
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Eq. 31 as opposed to one density and one density deriva-
tive in a ground state calculation. In any case, the cost of
evaluating the ground state energy, the ground state gra-
dient and the TDDFT gradient is typically less than the
effort required to evaluate the TDDFT energy.
SF-TDDFT expands the scope of TDDFT calculations by
allowing a greater range of excitations to be treated. With the
addition of gradients, the PES of these states can be explored.
SE-TDDFT also provides another tool for investigating the
more challenging aspects of excited state PES such as seams
and conical intersections. Further work is needed to inves-
tigate the potential and limitations of SF-TDDFT in this area.
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Appendix

The SF-TDDFT gradients equations are similar to those of
the standard TDDFT gradients (Eqs. 31-45) with modifi-
cations to allow for the different form of the coupling
matrix and the fact that all excitations are spin-flips. The
overall equation for a SF-TDDFT gradients the spin-flip
third-order derivative are given by Eqgs. 51 and 52. The
other new equations are (¢ # ¢’ in all cases and X and
Y are from the spin-flip transition density)

pfr) ZPMV(T/{,LLXV (53)

uy
PSF — TSF +ZSF (54)
1
Tlfflf? == EZ((X + Y)aa’ia(X + Y)aa’ja
a

+ (X - Y)ao”i(r(x - Y)aa’j(r) (55)

1
Tt = 5 (X 4 V)i (X + 1)y,

HX = Y) g (X = ¥)yir) (56)
Toity = T =0 (57)
Zipe = Zjg =0 (58)
(A +B)Z5F = RSF (59)
Ry, = Z(X V) poricHope [X + Y]
b

+ Z(X + ) g Hijor X + Y]

+ Him [T%]

+2) / barbicpy T PN GG (60)

T

where

paq‘c = 2/¢po¢qr (CSFVC +Z o M) rsa (61)

Here the full kernel is needed and cgr =1 when
M = 757, P5F and the SF-ALDA kernel and cgr = O are
required when M = X + Y.

Wz}g{f - Z w{((X + Y)aa’io'(X - Y)azr’jzf

a

+ (X - Y)ao’ia(X + Y)
- Z Saﬂ’((X + Y)a(r’jrr(X + Y)a(r’i(r

aava)

+(X - Y)ao”jr(X - Y)ar’ir;)}

FHLIPL 25 [ dudyop gttt
™
(62)

Wip, = Z OUX+Y) i (X = V) i

(X =) i (X + Y )i)

+ 3t (XY i (X + V)i

F X = Y) i (X = Vi) } (63)
Wel =780 eig + 3 (X +Y), ity [X + Y], (64)
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